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ABSTRACT. This paper deals with visibility problems in Euclidean
spaces where the set of obstacles Y is an infinite discrete point set.
We prove five independent results.

Consider the following problem. Given € > 0, imagine a forest
whose trees have radius € and their locations are given by the set
Y. Suppose that a light source is at infinity, and that there are
no arbitrarily large clearings in the forest. Then, are there always
dark points (namely, points that do not see infinity)? We answer
the above question positively. We also examine other visibility
problems. In particular we show that there exists a relatively dense
subset Y of Z¢ such that every point in R? has a ray to infinity
with positive distance from Y.

In addition, we derive a number of other results clarifying how
the sizes of the sets of obstacles may affect the sets of points that
are visible from infinity. We also present a geometric Ramsey type
result concerning finding patterns in uniformly separated subsets
of the plane, whose growth is faster than linear.

1. INTRODUCTION

We use the following standard notations for a fixed integer d > 2.

For x € R?, we write ||z|| to denote the Euclidean norm of z. Denote
by S%t = {z € R? | ||z|| = 1} the unit sphere centered at the origin 0.
For two non-empty subsets A, B C R?, define

dist(A, B) = inf{||a — bl|: a € A, b€ BY. (1.1)

Given x € R% and v € S*1, by the ray from x in direction v we mean
the set

Lyw={x+tv|te[0,00)} CR%
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Definition 1.1. For a non-empty subset Y C R¢, a direction v € S}
and ¢ > 0, define the following subsets of R%:

vis(Y,v) ¥ {z € R? | dist(L,.,, Y \{z}) > 0},
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vis(Y) o {r € R?| 2 € vis(Y,v) for some v € S*'}, (1.
vis(Y,v,¢) = {z € R? | dist(L,., Y \{x}) > ¢}, (
)< (

vis(Y;e {x c R |z € vis(Y,v,¢) for some v e S* '}

If there is no ambiguity regarding the choice of Y C R?, then

e Points x € vis(Y,v) are called visible from direction v.

e Points 2 € vis(Y) are called visible; x € R4\ vis(Y) are called
hidden.

e Points x € vis(Y, v, ¢) are called e-visible from direction v.

e Points z € vis(Y;¢) are called e-visible; z € R4\ vis(Y;¢) are
called e-hidden.

We add the specification "for Y at the end of the above word defini-
tions if we want to indicate the dependence of these sets on Y.

For # € R? and r > 0, denote by B(z,r) = {y € R? | ||ly — z|]| < r}
the open ball of radius r centered at z. A set Y C R? is called discrete
if the intersection of Y with every ball B(x,r) is finite.

By the growth rate of a discrete subset Y C R? we mean the integer
valued function defined by the formula

Gy(r) = #({y ceY ||yl < 7’}) = #(Y N B(O,T’)) (for r>0).

(Here and henceforth #S stands for the cardinality of a set ).

A set Y C R?is called relatively dense if there exists an r > 0 so that
Y intersects every ball of radius r. Y is uniformly separated if there
exists a § > 0 such that for every y;,y, € Y we have dist(y;,y2) >
0. We say Y is r-dense, or d-separated, when we like to specify the
constants r and 4. Note that if Y C R? is a uniformly separated set

then lim sup GY(T) < 00, and if Y C R? is discrete and relatively dense
r—00

then lim sup ‘ ‘ < 00.
T—00

One of the objectives in this paper is to investigate how the growth
rate of the set Y may be related to certain properties of the four sets
defined in ((1.2)). Note that Y; C Y, implies the inequality Gy, (r) <
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Gy, (r) (for all » > 0) and the inclusions
vis(Ys, v) C vis(Y1,v), vis(Ys) C vis(Y7), (1.3)
vis(Ya;e) C vis(Yy;¢), vis(Ys, v,¢) C vis(Yy, v, €). (1.4)

In particular, we establish the following results for discrete subsets
Y C R%:

1. If Y C R? is relatively dense then for all ¢ > 0 we have
vis(Y;e) # R? (See Theorem [1.2)).

2. On the other hand, there exists a relatively dense set Y C
R? (d > 2) such that vis(Y) = R? (See Theorem .

3. If Y C RY is discrete with Gy (t) < btgdl—f%, for some € > 0 and

all large enough ¢, then vis(Y) = R? (See Theorem [1.4)).
4. On the other hand, we exhibit an uniformly separated set Y C R?

such that tlim m = 1 and vis(Y)= @ (See Theorem [1.3)).
—00

The visibility notions from Definition relate to the well-known
Pélya’s orchard problem (see [12] 13]): What is the minimal radius of
trees (viewed as disks in R?), that stand at the integer points in a ball
of radius R, for them to completely block the visibility of the origin,
from the boundary of the ball? this problem was solved by Allen in
[2], and some variants of it appear in [8, [9]. One may also consider a
maximal packing of unit balls in a ball of radius R, instead of balls at
integer points, and ask for which R (if any) there exists points that are
not visible from the boundary? The existence of such an R is known
as Mitchell’s dark forest conjecture, see [10]. Mitchell’s conjecture was
proved in [6]. Another related notion is the following, which can be
viewed as a quantified version of a point set for which every point in
R? is hidden. Y C R? is called a dense forest if for every € > 0 there
is a uniform upper bound 7'(¢) > 0 on the lengths of the line segments
that are not e-close to Y. T'(e) is called the visibility function of Y.
Questions regarding the existence of dense forests that are uniformly
separated, or of bounded density, and bounds on the visibility functions
of them, were studied in [, [3] 4] [T4].

Our main results are the following five theorems; Theorems [1.2] [1.3]
3 [5 and [

Theorem 1.2. For every R and e, where R > ¢ > 0, and for every R-
dense set Y C R?, there exist some T > 0 with the following property:
for every xo € R? there are points © € B(wo, T) N U,y B(y,¢) such
that for every v € St we have

dist(Y,{x +tv |t € [0,T]}) < e.
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In particular, we have vis(Y;€) # R? and the set of e-hidden points is
itself T'-dense.

We remark that by rescaling one may assume that one of the two
parameters R and € in Theorem is fixed. Fixing ¢ = 1 for example,
would simplify the constants that appear in the proof of Theorem [I.2]
In order to present the explicit dependency of 7" in R and ¢, we let
both of the parameters vary. It would be interesting to find a smaller
T, in terms of R/e, that satisfies Theorem .

Theorems and address the connection between the growth
rate of a discrete set Y and properties of the set vis(Y).

Theorem 1.3. There exists a uniformly separated set Y C R? such
that vis(Y') = @ and

Gy(r)logr __ 1.

lim
r—00

GY(’I“) — 0

(In particular, the growth rate of such'Y is sublinear, lim
r—00
and all points in R? are hidden forY ).

Theorem 1.4. Let Y C R? be a discrete set. Then the implications
(1)=(2)=(3) take place, where

(1) Gy(r) < 107;—1;, for some € > 0 and all large r.

(3) For every x € R%, the relation x € vis(Y,v) holds for Lebesque
almost all v € S*L. In particular, vis(Y) = RY.

It is easy to see that, for all d > 2, vis(Z¢) = R?\Z<¢. On the other
hand, the following theorem shows existence of large (density 1 and
relatively dense) subsets Y C 7% with no hidden points for Y.

Theorem 1.5. Let d > 2. Then, for any € > 0 and M > 1, there
exists a subset Y C Z% that has the following properties:

(1) vis(Y) = R? (that is, there are no hidden points for Y ).

(2) The growth rate of the complement set Y = Z4\Y is at most
linear; moreover, Gy (r) = #(Y/ N B(0, 7“)) <er, for all r > 0.

(3) Y is relatively dense in Z°.

(4) The set Y is M-separated.

The set Y in Theorem can be viewed as a discrete analogue
of a Nikodym set, a full measure subset N of the unit square in the
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plane such that for every x € N there is a line segment L, satisfying
NN L, ={z}, see [7] and [11].

As an application of our approach we also prove a geometric Ramsey-
type theorem, Theorem [I.7] below. Given a discrete set Y we say that
almost every y € Y satisfies (some) property (P) if

lim #{y € YNB(0,r)| y does not have property (P)}
r—00 GY (7’)

Definition 1.6. Let Y C R? be discrete set, ¢ > 0, and ' a treeﬂ
embedded in the plane with vertices V' = {xq,...,x,,}. Given yp € Y,
we say that (I',zg) can be e-realized from yo in Y if there exists a
function f: V — Y such that f(zo) = yo and for every edge {z;,z;} of
' there is an integer k;; > 1 such that

(f (i) = fl25)) — k(@ — 25)|| <e.

Theorem 1.7. Let ¢ > 0, Y C R? a uniformly separated set with

Tlgilo %(T) =0, ' = (V,E) a finite tree embedded in R*, and zq € V.

Then for almost every yo € Y (in the sense of (1.5))), (I',zq) can be
e-realized from yo in Y.

—0. (1.5)

Figure [1] illustrates the statement of the theorem.

The structure of the paper. The proofs of the Theorems are given
in the order they are presented in the introduction. The proofs of

Theorems [1.2] [I.3] and are given in Sections [2, [3 [4 and
respectively. The proof of Theorem [I.7]is presented in section [6]

Acknowledgments. The authors are thankful to the anonymous ref-
erees for their insightful comments and corrections.

2. PROOF OF THEOREM

Theorem |1.2| resembles the following theorem from [6].

Theorem 2.1. For every maximal packing of the plane by unit balls
{B;} there exists a T > 0 and a point x € B(0,T) \ |, B; so that
every line segment between x and OB(0,T) intersects an element of
the collection {B;}.

1An undirected, acyclic, connected graph.
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F1GURE 1. Different edges may be stretched by different
integer factors.

Note that Theorem 2.1] can be deduced from our Theorem [L.2l Set
Y to be the collection of centers of the balls B;, then the assertion of
Theorem [1.2] for this Y and with e = 1, is Theorem 2.1} Our proof
follows the main ideas of the proof of Dumitrescu and Jiang from [6],
although many parts had to be adapted to our settings. This is done
in

Our main innovation in Theorem compared to Theorem [2.1] is
the "for all” quantifier on the parameters R and €. Whereas in Theorem
2.1 a maximal packing is required in order to block the visibility from
infinity, in our Theorem a much more sparse set, of e-balls that are
R apart, suffices.

Note that since some of the parameters that are used in the proof
are very large, and some are very small, some of our figures are drawn
with wrong proportions.

2.1. Proof outline. For every z € Y let C, = 0B(z,¢). We show that
for many elements z € Y there are points on C, that are not e-visible.
As in [6] we distinguish between two types of e-visible points on C.;
points p € C, that are e-visible by a ray that is almost tangent to
C, at p are called tangentially visible, and other e-visible points on C,
are called frontally visible. In Lemma we show that every Circleﬂ

2Even every arc of every circle.
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of radius € contains points that are not tangentially visible. Then in
Lemma we show that for a large enough T only a fraction of the
circles C, that are contained in B(xg,T), for 1y € R* and 2z € Y,
contains points that are frontally visible. These two together imply
that for a large enough 7', some portion of the circles C, in B(zq,T),
z € Y, contain points that are not e-visible. In particular, such points
exist in every ball B(zo,T).

2.2. Terminology. Given a circle C in the plane and o, a € [0, 27) we
denote by A(c; @) the arc of the circle C' that corresponds to the central
angle that lies between ¢ and o+ «a. The function a : [0, 27) — C maps
an angle a to the point on C' that is the intersection of C' and the ray
in direction o from the center of C. For two points x,y € R? we denote
by 7y the line segments that connects x and y.

Definition 2.2. Let £, > 0 and let C' C R? be a circle.

e A point p € C is called d-tangentially-e-visible (6-T-e-V') if p is
e-visible by a ray L,, that satisfies:

(i) L,»NC = {p} (Ly,, intersects C only at the tangent point).
(ii) The angle between L,, and the tangent to C' at p is at
most 9.

e An arc of C' is called completely 6-T--V if every point on that
arc is 0-T-e-V.

e p = a(0) denotes the point where the tangent to C' at p is ver-
tical (a(m) also has this property, though here p = a(0)). There
are two directions in which a ray initiated from p is almost tan-
gent to p, and we distinguish between them in the following
way. We say that a ray is pointing downwards (respectively up-
wards) to describe rays that point in these two directions, up to
a small error. We say that p is 0-T--V from below (respectively
0-T-e-V from above) if p is §-T-e-V by a ray pointing down-
wards (respectively upwards), up to an error angle ¢ at p from
the tangent to p. We adapt this terminology to other points
g = a(a) on C by rotating the plane so that ¢ = a(0). Note
that this terminology will be used in the proof for points that
are close to a(0), where the rays truly point almost vertically
downwards or almost vertically upwards.

e A point p € C that is e-visible but not §-T-e-V is called §-
frontally--visible (0-F-e-V'). A ball B is called 6-F-¢-V if some
point on its boundary is 9-F-e-V.
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2.3. Proof of Theorem We begin with a lemma that asserts
that for relatively dense sets Y, completely 0-T-¢-V arcs do not exist,
for 6 = §(e) small enough.

Lemma 2.3. Let Y C R? be an R-dense set. Then for every e, > 0
there exists § = §(e, R, ) > 0 such that for every x € R?, every arc of
central angle « in c¥ 0B(z,¢) is not completely 6-T-¢-V.

Proof. 1t suffices to prove the statement for v € (0,7/6). Let ¢ >
0, € (0,7/6). To simplify notations, we may assume that R is an

integer multiple of € (replacing R by some number in [R, R + ¢) entail
no loss of generality). Set

det 2R def O det 3 a
N = — = — = — = —
g’ b 4N AN  16NZ
Let x € R?, and C “op (x,€). Without loss of generality we prove the

lemma for the arc AdéfA(O; a) (see &) For contradiction, assume
that A is completely 0-T-¢-V'.

and (2.1)

Divide A into 4N arcs, of equal length, with the points g; L (ﬁ\‘,),

fori € {0,...,4N} (a(-) as in §2.2). Each of these sub-arcs has central

angle 3, and we denote it by A; défA(qi;B), for : € {0,...,4N — 1}.

Similarly, divide each A; into 4N arcs of equal length with the points
Dij L (& 4+ %), for j € {0,...,4N}. Consider the following two
cases:

Case 1: There exists an ¢ € {0,...,4N — 1} such that all the points
Dits---,Dian—1 are 0-T-e-V from below:

For j € {0,...,4N — 1} let L; be the ray tangent to C' at p;; that
points downwards, r; a ray that indicates that p;; is 0-T-e-V from
below, and L} the ray pointing downwards that intersects C' only at
pi; and that create an angle § at p; j between L; and L}. Let Lyy be the
ray tangent to p; 4y = pit1,0 that points downwards. Denote by z the
intersection point of Ly and Lsy and let ag and asny be two points on
Ly and L4y respectively such that the triangle with vertices ag, a4y, 2
is the minimal isosceles triangle that contains a ball B of radius R (see
Figure [2| (a)). Since < m/6, the legs of that triangle are indeed Zag

_ . def
and Zazy, and the base is I = agayy.

For every j € {0,...,4N — 1} let b; be the intersection point of r;
and I, and a; the intersection point of L; and I. Our next goal is to
show that the points {by, ...,bsy_1} divide I into segments of lengths
less than €. This in turn implies that the rays r; divide B in a way
that every ball of radius € that is centered in B intersects at least
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B(x,€)

asn

() (b) (a)

FIGURE 2

one of the rays r; (see Figure 2| (¢c)). Since Y is R-dense, there exists
some y € BNY. This will contradict the assumption that the points
Dils---,Dian—1 are 0-T-e-V by the rays rq,...,r4nv_1 and thus conclude
the proof.

Using elementary geometry (see Figure [2| (a)) it is easy to show
that for every j € {0,...,4N — 1} we have dist(p;;,a;) < %R. Since
6 = /4N the slope of the ray L;,, is equal to the slope of L (see

Figure [2| (b)). This implies that b; lies between a; and a;1; on I. In
addition we have

diSt(CLj, aj—l—l) < 2diSt(pi,j7 aj) sin (8%) <2

4R B R ¢
8N N 2
which implies the assertion.

Case 2: For every ¢ € {0,...,4N — 1} thereis a j € {0,...,4N — 1}
such that pf d:efpm- is 0-T-e-V from abov:

We repeat the argument from case 1 in a larger scale. For simplicity,
we use the same notations. Here we denote by L;, for i € {0,... 4N},
the ray tangent to C' at ¢, = a (% — %) that points upwards, and by
ri, for i € {0,...,4N — 1}, a ray that indicates that p/ is 6-T-e-V from
above. Denote by z the intersection point of Ly and L4y and let ag and
asy be two points on Ly and Lyy respectively such that the triangle

3Note that this is the opposite case to Case 1.
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with vertices ag, asn, z is the minimal isosceles triangle that contains
a ball B of radius R. Since a < 7/6, the legs of that triangle are Zag

and Zayy, and the base is 1 AoQaN -

For i € {0,...,4N — 1} let b; be the intersection point of r; and I,
and a; the intersection point of L; and I. Once again it is easy to verify
that dist(q},a;) < %, and that b; lies betweenﬁ a; and a;,1 on I, for
every i € {0,...,4N — 1}. In addition we have

Q 1R « R ¢

dist(a;, a;41) < 2dist(q;, a;) si (—)<2——:_:_’

ist(a;, a;41) < 2dist(q;, a;) sin )2 sN N3
which implies the assertion in a similar manner, and hence completes
the proof of Lemma [2.3 0

The proofs of the following two geometric lemmas are straightfor-
ward, and we leave them to the reader.

Lemma 2.4. Let T > u > 0. Suppose that a; = (x;,y;) € R* 1 €
{1,2,3,4}, satisfy (see Figure[3)

r1 =29 = 5T, y1,92 € [—g g] Y1 < Y2, T3 = Ty, Ys — Yz > 1, (2.2)
and as,as € BY [—T,T)?. Let {; = aib, lo = Gc, where b # c
and b,c € {as,as}. Denote by dy,dy the intersection point of €y, 0o
respectively with OB. Then dist(dy,dy) > & (see Figure @)

” } Then:
[ S 3
H<T1q \T\\\\\\\\“?[ K X
, \:77\7‘,\ \,:?::\\\\\\\
| e ——— =
| e
5T \al.
FIGURE 3

4This follows from the term —% that appears in the definition of the new points
/
4q;-
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Lemma 2.5. Lete > 6 > 0. For z € R? if a ball B(z,¢) is §-F-c-V by
a ray L then there is a point a € B(z,¢), that lies on the continuation
of L, with dist(a,0B(z,¢)) > u, where

def €07
= —. 2.3

- (2.3
For the proof of the next lemma we rely on the following proposition,

see Lemma 6 in [6].

Proposition 2.6. Let k,c,n > 0 and let I be an interval of length |I|.
Let A C I be a finite set with at least c|I| points, which are at least n
apart from each other. Set

€. k: - ae logcl e y
Td:fmaj = |V log:“ ., and Zy = Zy(k,c,n) d:f277k:3. (2.4)

Then if |I| > Zy there exists some x > 2n, and a sub-interval J C I
of length kx such that the subdivision of J into k equal sub-intervals
J1, ..., Ji satisfies J; N A # & for every i.

Lemma 2.7. Let ¢ > 0, let Y C R? be an R-dense set such that R

1s an integer multiple of €. Let N = %,5 = %, C = ﬁ, and let

T > 0 be an integer multiple of €6* that satisfies
33+ 10log N

+ %08 . (25)
AN) — log(4N — 1)
Then the number of z € Y N B(0,T) such that B(z,¢) is §-F-e-V is
less than CT?.

c .
T>—(4N) h =
_2( Y,  where ] [log(

Proof. For contradiction, assume that for at least CT? points z € Y N
B(0,T) the balls B, = B(z,¢) are 6-F-e-V. Each of these balls has a
point p, on its boundary and a ray L., initiated at p,, which indicates
that B, is 0-F-¢-V. Denote by L the set of the rays L., then #L£ >
CT?.
et 52 5 32T

def € £ def

= = g and M:T. (2.6)
Note that the assumption on 7" implies that M is an integer. Con-
sider the larger ball B(0,57") and place M equally spacedﬂ points
Po,---,Prm—1 on 0B(0,57). The tangents to B(0,57) through the
points p; form a regular A-gon that B(0,57") is inscribed in. De-

note by I; the edge of that M-gon that contains p;. Observe that the

®Note that 327 > 10T, which is the length of the diameter of B(0,5T).
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length of each segment I; is at most p. By the pigeonhole principle
there exists some j such that at least
cT?  CT* CuT
M 2T 3
o

(2.7)

rays from £ intersects I;. We rotate the whole plane about the origin
so that the segment I; is vertical, and denote by £; C L the subset of
rays of £ that intersects I;. Note that all of these rays intersect the
vertical line segment %< {T'} x [-T,T] of length 2T (see Figure .
Let A" C I be the set of these intersection points.

Recall that each ray L, in £; is initiated from a point p, € dB,, for
some z € Y, such that p, is §-F-e-V by L. So by our choice of x in ({2.6))
and by Lemma there is a point a, € B, with dist(a,,0B,) > pu.
This implies that the requirements in are satisfied (see Figure
3)), and we can apply Lemma for any such pair of rays, connecting
points of the form a, to I; (see Figure d). This in turn implies that the
points of A’ are at least p/3 apart from each other, and in particular no
two rays of £; intersect I at the same point. We pick a subset A C A’
such that any two points in A are at least £/2 apart. This is done by
ordering the elements of A’ and picking every 3_2 point in that order

(note that ;’—Z € N). Thus, using l) we obtain that
C
#A L #A S T L OW (2.8)
|1 _3—€|]|_£-2T_ 27 29:R2 ' '
7 2p
e apply Proposition [2.6| with ¢ as 1n (2.8]), £k = ,andn =¢/2. In
Wi ly P ition [2.6| with in (2.8]), kK = 4N, and 2. 1
view of (2.6 and (2.8) we obtain

2 10
wee € 2 2R
cn=ce/2 = 502 — IR0 — log p = 33+101og — = 334+101log N.

Therefore the constant j in (2.4)) is
. {33 +10log NW
] =

33+ 101log N w

log il [log(llN) —log(4N — 1)

4N-1

Then the constant Z; in (2.4)) is
Zy = 2nk? = e(4N).

Thus, by the assumption on T in ([2.5), we have |I| = 2T > Z,. Apply-
ing Proposition [2.6| we obtain an x > 2n = ¢, and a sub-interval J C [
of length 4Nz > 4R such that the subdivision of J into 4N equal sub-
intervals J, ..., Jyy satisfies ;N A # @ for every i € {1,...,4N}. Let
Li,...,Lisy € L; be the rays that correspond to those 4N points of
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A. Let € be the convex hull of I; U J, then € clearly contains balls of
radius R. Let B C 2 be the ball of radius R that is tangent to the line
segments that bound € from above and below (see Figure [4). Then
BNY # @ and every point p € BNY is within distance at most £/2
from at least one of the rays Ly, ..., Lyy, contradicting our assumption
on the rays in L.

FIGURE 4

O

Proof of Theorem [1.2l Let ¢ > 0 and let Y C R? be an R-dense set.
By slightly increasing R we may assume that R is an integer multiple

of e. Pick T > 0 as in Lemma , and given xy € R? we prove that

the ball BdéfB(O, T') contains points of the R-dense set Yj Ly X0,

with the required property.

It is easy to verify that B contains at least ﬁTz disjoint balls of
radius R, each one contains at least one element of Y. Denote by

Y' =Yy N B, then we have established that #Y’ > 51512

Let 6 = %, as in Lemma [2.7, Note that this § is consistent with
our choice of ¢ in , for « = 5 < &. So by Lemma every ball
B(z,¢), for z € Y, is not completely 0-T-e-V. Applying Lemma
we obtain that for at most 7?2 elements z € Y’ the ball B(z,¢) is
§-F-e-V. That leaves at least —571?% = -55T? — -T2 many elements

iR? 2R? iR?
z of Y’ for which the ball B(z,¢) is not completely J-T-e-V and not
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0-F-e-V. Namely there are at least ﬁTz points, on the boundaries of

these balls, which are not e-visible. ]

3. PROOF OF THEOREM [L.3]

Consider the set
def

Y ={uy | k>2} CC, (3.1a)
where
_ it ry = klogk
yp = rre'®* € C, and { by = logl/Q(log k) (3.1b)
(with R? and C being identified).
Theorem is derived from the following proposition.
Proposition 3.1. The set Y satisfies vis(Y) = @ and
i Cr(nlogr (3.2)

r—00 T

Proof. The growth rate (3.2)) of Y is easily validated. In order to prove
that vis(Y') = @, we have to show that for any ray L, , = {z+tv |t €
[0,00)} one has:

dist(L,,,Y) =0 (Vr € R?, Vv € Sh). (3.3)

Fix z € R? and v € S'. Since the union U = |J ¥x, ¥rs1 of the
k>3

segments g, Ypr1 forms an expanding spiral in R? (spinning counter-
clockwise), the set

K =K(Ly,) ={k>3| Uk, Ypt1 N Ly, # T} (3.4)
is infinite. We shall prove that in fact
lim dist(L,,,yx) = 0. (3.5)
hex

This would imply (3.3)) and complete the proof of Proposition |3.1}
Observe the following three estimates (see (3.1b])):

def
= O — O = O(k_logk.10;1/2(logk)>, (3.6a)
/ def

1y = The1 — 1 = O(log k) (3.6b)
[Yr+1 — yx| = O(log k). (3.6¢)
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The first two, (3.6a) and (3.6b)), are straightforward, and the third one
easily follows:

Ykt — Y| = |rpp1€ P — 1| < Jrppg e/t — rpel@h|
et % = ]| 4 0% 1] = Ol
+O(ry, - ¢),) = O(log k) + O( O(log k).

1og1/2 log k))

For x € R?, denote by Pr. € [0,7] the angle between the vectors

— s
TYr = Yr — T and TYp ] = Ypy1 — T.

Note that in view of (3.1b]) and (3.6al), we have
Dro = Pks1 — Ok = O<k~logk-101gl/2(logk)) (3.7)

where 0 = (0,0). Denote by S, the area of the triangle A(x, yi, Yr+1),
with vertices x, yi, yx+1. Then

Ska = 5 Yk — @] - [Ypa — x| - sin ¢}, , (3.8)
and hence, in view of (3.1b) and (3.7),
Sko = % k| - |Yk41] - sin ¢;c,0 (3.9)

= O(k* - log?k - ¢}, o) = O —rdsk ),

log'/? (log k)

Denote by R(z),(2) € R the real and imaginary parts of z € C.

Since z € C = R? is fixed, the numbers a = R(z), b = J(x) are also
fixed. Then
1

Sk,x - 5

R(yr) R(yYrr1 — vr) a R(Yrr1 — yx)
here S\ = 1 det * d 5% = det * .
where 5y, = g de (%(yk) Syt —wr) ) S’” b S(Yrt1 — Yr)

In view of and (3.6c]), we have }S]ili’ = Sko = O(%)
and ‘S,?A = |yk+1 yr|) = O(log k) (as z is fixed). Thus

ke < |SO)] + |S2)] = O Krlork ),

log'/?(log k)

R(yr) —a R(yr+1 — k) @
det
¢ (%(yk)_b SWrt1 —wx) ) | — |S“‘+‘S“|

Since |yx — 2|7t = O(k~'log™" k), it follows from (3.§) that

sin gb;cx - O<|yk’ - :E|_1 |Ykr1 — ZE|_1 ’ SIWC) - O<k-logk-loél/2(logk)>'
(3.10)
Now assume that £ € K. Then the ray L,, 1ntersects the segment
[k Yes1]. Let g, be the angle between the ray 7, yi and the ray L, -
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This angle forms a part of the angle between the vectors m and Ty 1,
hence

O§¢k7$§¢;’z<ﬁ/2 (k € K).
Taking into account the estimate (3.10]), we obtain
diSt(Lx,va Y) < diSt<Lx,va yk) - |yk| sin wk,x < |yk‘ sin ¢;<;7x
_ 1 _ 1
- (k ' log k> ’ O(k~10gk-log1/2(10gk)> o O(logl/Q(logk)) (k € K)

This proves (3.3) and completes the proof of Proposition . O

4. PROOF OF THEOREM [L.4]

The proof of Theorem [1.4]is provided only for the case of d = 2. The
general case is handled in a similar way.

The proof of Theorem [I.4] for d = 2, is partitioned into two parts.
The implications (1)=(2) and (2)=-(3) are established by Propositions
and [4.3] respectively.

Proposition 4.1. Let Y C R? be a discrete subset such that Gy (r) <

log_lr+e -, for some € > 0 and all large r. Then > Hzl/_ll < o0

yeY'\{0}
Proof. For k > 1, denote Yy = {y € Y| |ly|| < 2*} and
Zy =Y \Ye = {y e Y| 2" < |ly| <2},

Then, for large k, we have

2k+1

Jr_ O)

1
— < |Zel 27 < Wiy 27— — _
2y < VAl 2 S el 27 S gy 2 =

yEZ,

It follows that

> < > L+Z<y%ﬁ><m.

yeY\{0} Iyl yeY1\{0} Iy k>1
O

Lemma 4.2. Let Y C R? be a discrete subset such that > II_;H < 00
yeY\{0}
holds. Then, for Lebesque almost all directions v € S' C R?, we have

0 € vis(Y,v). In particular, 0 € vis(Y').
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Proof. Recall that Lo, = {vt |t € [0,00)} C R? Let Y/ =Y \ {0} and
e >0. Set

Dy ()™ {v e S' | dist(Lo,,Y') < €}

= |J {v e S'|dist(Lo,,y) < c}.

Then
A(Dy(e)) < Y A{v €S | dist(Loy, y) < £}) (4.1)

yey’
where \ stands for the Lebesgue measure on the unit circle S* C R?,
A(SY) = 27.
Now assume that 0 < e < m%}’l |ly||. Then one verifies that
yey’

M{v € §' | dist(Loy, y) < }) = 2arcsin 55 < 7=,

for every y € Y’ (the inequality 2 arcsint < «t, for 0 < t < 1, is used).
By substituting the last inequality into (4.1]), we derive that A(Dy (¢)) <

mec, where c=c(Y) = >, — < oo.
e 1Yl

Next consider the set Dy = {v € S' | dist(Lg,, Y') = 0}. Since for
every € > 0 we have Dy C Dy(e), and since lir&)\(Dy(e)) =0, we
E—

conclude that A(Dy) = 0, and hence
AMS'"\Dy) = Mwv € S' | dist(Lo,,Y’) > 0} = 27.
U

Proposition 4.3. Let Y C R? be a discrete subset and let v € R?

be an arbitrary point. Assume that > ﬁ < 0o holds. Then, for

yeY\{0}
Lebesgue almost all directions v € S', we have z € vis(Y, v).

Proof. Let Z=Y —x ={y—x |y € Y}. Observe the implication
1 1
Y, pr<oe = Y <o
yey\{0} zeZ\{0}

By Lemma [4.2] for Lebesgue almost all directions v € S!, we have
0 € vis(Z,v); hence = € vis(Z + z,v) = vis(Y, v). O
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5. PROOF OF THEOREM [1L.5]

In Theorem |1.5{ we construct a large (density 1 and relatively dense)
subset Y C Z¢ with no hidden points for Y.

Proof of Theorem[1.5. For simplicity, the construction is presented only
for dimension d = 2. The same idea works for general d > 2.

Outline of the construction. We start with arbitrary ordering of
the set Z? in a sequence (2;)g>1-

Then, we inductively construct an increasing sequence (my)g>1 of
positive integers (the details are below, following ((5.4])).

Given z, and my, the vectors v, € Z? and the sets Y, C Z? are

determined as follovxég ;

v = (my, 1) € Z2; (5.1)
Vi & {2 +nu | n € N\ {0}} C Z2. (5.2)
Finally, we define set Y by setting
- def . def 72\ v
Yy < Uk21 Vi, YE7Z2\Y. (5.3)

We claim that every point z € R? is visible for Y, i.e. condition (1)
of Theorem is satisfied (regardless of the choice of integers my).

Indeed, if z ¢ Z?, the claim is obvious (z is visible in either a hori-
zontal or a vertical direction). Otherwise z = z;, for some k > 1, and,
since Y C Z?\ Yy, we get

z =z, € vis(Z*\ Yy, v) C vis(Z*\Y},) C vis(Y). (5.4)

Construction of a sequence (my). We describe an inductive pro-
cedure for selecting integers my, to assure that conditions (2), (3) and
(4) of the theorem are met.

Let my > max{M,4/e,2||z ||} and proceeds by induction.

Assume that a strictly increasing K terms long sequence of numbers
(mx)E_| has been already selected, K > 1. Then the vectors v;, and the
sets Y, are determined by (j5.1) and (5.2)). One easily verifies that for
eachk=1,..., K

lim dist(Yx, {zk11 +t(m,1) |t € [1,00)} = c0. (5.5)

m—0oQ
We select mg .1 large enough to satisfy the inequalities

mgy1 > max{25 /e, 2|z 1|, mi} (5.6a)
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FI1GURE 5. For each point z;, a line of vision for z; is
created by removing all the integer points on a particular
ray, which is initiated in z.

and
dist(Yy, Y1) > M (1<k<K) (5.6b)

where Yr 1 = {2x41 + n(mgy1,1) | n > 1} is set in accordance with

(5.2) and ([5.1)) (note that the inequality (5.6b)) can be achieved because
of (5.5)).

This completes the inductive construction of the sequence (my).

Validation of condition (2). Note that ||vg| = ||(m, )| > mi >

2||zx|| for all & > 1 (see (5.1) and (p.6a)). It follows that, for all
n,k € N\ {0},

Inor + 2l = nllvell = llzell > (0 = 3) loell = 5 ol > *5=.

For any k£ > 1, in view of the definition of Y}, (see (5.2))), we obtain
Gy, (r) =#{n>1||nup + z|| <7} <
<SH#n>1|HE<rp< X< 2re2”k+D — g2k,
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and, since Y = |, Vi (sce (5.3)), we conclude that

Gy(r) < Z Gy, (r) < rsZQ‘k = re,

k>1 k>1

validating condition (2) of Theorem [L.5|

Validation of conditions (3) and (4). To validate condition (4),
we have to establish the implication (y1,y2 € Y, y1 # 12) =
dist(y;,y2) > M.

Since y1,1y2 € Y = U, Y, there are ki, ko € N such that y; € Yy,
Yo € Yi,. If ki = ko, set k = ky; then yy, yo € Yy and (since y; # yo) we
obtain dist(y1,y2) > ||vg]| > my > M. On the other hand, if k; # ko,
we may assume that k; > ko, and then dist(y;, y2) > dist(Yy,, Yi,) >
M (see (5.6b])). This validates condition (4).

In order to validate condition (3), we show that every ball B of
radius v/2 contains a point in Y (this claim holds only for d = 2; for
d > 3, the required radius could be taken v/d). Let B = B(z,/2)
where z = (a,b) € R%. Then both points y; = (|a],|b]) and y, =
(la] +1,[b]) lie in B N Z2. Since ||y; — ya|| = 1 < M, we have y; ¢ Y
for at least one i € {1,2} (due to the already established condition
(4)). Then y; € Y (see (5.3)), and hence y; € BNY. Thus BNY # 0.
The proof of Theorem is complete.

U

6. PROOF OF THEOREM [L.7]

We begin with the following lemma, which is the key for the proof
of Theorem [

Lemma 6.1. Let Y C R? be a discrete set such that lim —— = 0.

r—o0 GY (1)
Let a non-zero vector 0 # v € R? and an € > 0 be given. Then:

(A) For almost every z € Y (in the sense of (1.5))), one can find a
point w € Y \ {z} and an integer k > 0 such that
|(z —w) — kv|| <e. (6.1)

(B) Assume in addition that Y is uniformly separated. Then for
every integer M > 1 and for almost every z € Y there exists
w €Y\ {z} and an integer k > M such that (6.1)) holds.

Proof of (A) in Lemma[6.1. Without loss of generality we may assume
that v = (1,0).
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Fix r > 1. Divide the interval [—r,7) into N; = [4r/e] half-closed
intervals S; of equal length d; = 2> < /2. Divide the interval [0,1)

into Ny = [2/e] half-closed mtervals I; of equal length dy = - < /2.
For z = (z1,22) € R? denote by m;(z) = z; € R, j = 1,2. For
1<i<Nyand 1< 75 <N, set
Y (NS {y e Y NB0,7) | m(y) € S; and {m(y)} € L;} (6.2)
where {m(y)} € [0,1) stands for the fractional part of m(y).
Next we prove the following implication:
zyweYir) = |(z—w)—kv| <e, (6.3)
where k = |m1(2)] — |m(w)] € Z.
Indeed, if z,w € Y; ;(r) for some 1 <i < Ny, 1 < j < N, then
{mi(2)} = {m(w)}| <[L;| = d2 < /2 (6.4)
and hence
|(m1(2) — m(w)) — k| < g/2.
We also have
|mo(2) — mo(w)| < |S;| = dy < ¢€/2, (6.5)
and hence
[(z = w) = kv|| = || (m1(z) — mi(w) — k, m2(2) — ma(w))|| < V2e/2 < e,

completing the proof of the implication (6.3)).

Denote by Y’ the set of z € Y such that for every w € Y\ {z} and
every integer £ > 0 the inequality

|(z —w) — kv|| > ¢ (6.6)
holds. By (6.3)
#(Yi;(r)NnY') <1, forall1<i< N;,1<j<N,. (6.7)

Since B(0,7)NY" =, ;(Y;;(r) NY’), we conclude that
#(B(0,r) NY") < #((i,4)) = NilNp = [4r/e] - [2/e].

Therefore lim sup w < [4/e]-[2/¢e]. Finally, since llm

r—00

Gy(T)
0, we derive that lim %@;ﬂﬂ) = 0, completing the proof of (A) in
T—00

Lemma [6.1] O
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Proof of (B) in Lemmal[6.4 As in the proof of (A), without loss of gen-
erality we assume that v = (0,1). Since Y is uniformly separated, there
exists a & > 0 such that ||y; — ya|| > 6, for all distinct y;,y2 € Y.

We assume that ¢ < 6 < 1. Fix r > 1. Define the integers Ny, No,
the intervals S;, I;, the numbers d;, dy and the sets Y; ;(r) (for 1 <1i <
Ni,1 < j < N,) as in the proof of (A) (see (6.2)). We claim that for
distinct yq,y2 € Y; ;(r) we have

[m1(y1) — mi(y2)| > 6/2. (6.8)
Indeed,

(mi(y1) = m(y2))? + (m2(yn) — m2(y2))” = gz — wall” > &
and, since £ < 0 and |mo(y1) — ma(y2)| < /2 (see (6.5)), we get
(m1(y1) — m(y2))? > 8 — e%/4 > §* — 6% /4 > §2/4,
and follows. Denote by Y}, the set of z € Y such that for every
w € Y\{z} and every k > M the inequality
I(z —w) — kvl > ¢ (6.9)
holds. Let N = [2M /6 ]. We claim that
#(Yi;(r)NYy) <N, forall 1 <i< N;,1<j<N,. (6.10)
That is, no set Y; ;(r) NY},; contains more than N elements.

Assume to the contrary that, for some choice of ¢, j, we have N + 1
distinct elements y1,ys, . .., yn+1 lying in the same set Y; ;(r) NYy,. We
may assume that these N 41 elements are arranged in such a way that
T (Yps1) — m(yp) > 6/2, for all p=1,2,..., N (see (6.8)). Then

Ti(ynt1) — m(y) > N -§/2> M.
In view of (6.3]), we obtain |[[(yn+1 —y1) — kv|| < € where

k= lmyne)] — Imy)] = [m(yn1) = m(y)] = M.
This contradicts the assumption that yy1 € Y}, proving (6.10)).
Since B(0,7)NY;, = UJ(Yi,;(r) NY},), we conclude that
i,J
#(B(0,r)NYy,) <N -#((i,)) = NN1Ny = [2M /6] - [4r/e] - [2/e]
and hence lim sup w < [2M/§]-[4r/e]-[2/e]. Since lim o =
r—00

r—00
0, we derive lim % = 0, completing the proof of (B) in
T—00

Lemma [6.1] O

We completed the proofs of both parts of Lemma [6.1] Part (B) of
this lemma, with M =1, is used in the proof of Theorem [1.7]
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Proof of Theorem The proof is by induction. Assume the as-
sertion for every tree with less than m + 1 vertices, and let " be a tree
with m + 1 vertices V' = {zq,...,z,}, embedded in the plane. Let

I défl‘\{xo} (the graph obtained from I' by removing xy and all its
adjacent edges). Let ¢ be the number of connected components of IV,
then I" is a disjoint union of ¢ trees I'y,...,I'., each with less than
m + 1 vertices. Denote by x;; € I'; the unique neighbor of zy in T,
then for every j € {1,...,c}, by the induction hypothesis, for almost
every y € Y, (I'j, 7;,;) can be e-realized from y in Y.

Let Y; C Y be the set of points y € Y for which (I';, z;,) cannot be

g-realized from y. Then Y’ o Y\(Y1U...UY,) still satisfies hm —Gy Gl

0, and, for every y € Y’ and every j € {1,...,c}, the planar tree
(I'j, 2;,) can be e-realized from y in Y. For each j consider the edge
{zo,24,} of I'. By Lemma (part B), for almost every y € Y’ there
exists a positive integer k;; and a point z;; € Y’ such that

w2, — b (o =) < =
Hence for almost every y € Y’ there exist positive integers k;, ..., k;,
and points z;,,..., 2, € Y’ such that for every j € {1,..., ¢} we have
|| ZZ] (‘To_mij)” <§g,
and the assertion follows. 0
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